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Large-eddy simulation of bubble plume in stratified crossflow
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Characteristics and material transport of a bubble-driven plume in stably stratified
water with uniform crossflow are studied using an Eulerian-Eulerian large-eddy simula-
tion model. Four laboratory-scale plume conditions with different bubble rise velocities
(wr = 3, 6, 12, and 20 cm/s) are considered, and their characteristics under three weak
crossflow conditions (Uc = 0.5, 1, and 2 cm/s) are studied. The interaction between the
rising bubbles and the stratified water generates a double-plume structure, consisting of a
rising plume of bubble/water mixture and a falling plume of dense water peeled from the
rising plume due to the stratification effect. The presence of crossflow forces the rising
plume to incline and causes the falling plume to form on the downstream side (with
respect to the crossflow direction) of the rising plume, resulting in reduced contact area
between the two plumes. Consequently, the turbulent mixing of the vertical momentum
between the rising and falling plumes is reduced, causing the magnitude of the vertical
velocity in both plumes to increase when the crossflow velocity is increased. The material
transport from the plume to the horizontal intrusion layer (traced using dye) also exhibits
strong dependence on the crossflow velocity. Faster crossflow results in narrower lateral
extension and wider vertical extension of the intrusion layer due to the interaction between
the peeling process and the crossflow. For cases with the two smaller wr (3 and 6 cm/s),
the plume can form a distinct peeling event that dominates the material transport process.
As a result, the mean intrusion layer height ht shows only small variation for these two
plume conditions when Uc is increased. In contrast, the plumes with wr = 12 and 20 cm/s
exhibit noticeable decrease of ht (9% and 24%, respectively) when Uc is increased from
0.5 to 2 cm/s. Statistical analysis of the streamwise dye flux shows that the decrease
of ht with increased Uc for the cases with wr = 12 and 20 cm/s is mainly due to the
crossflow-enhanced mean flux of dye from the rising plume at the low elevation.

DOI: 10.1103/PhysRevFluids.6.044613

I. INTRODUCTION

When bubbles are released into the water, they drive the surrounding water to rise together as
a multiphase plume. Underwater release of multiphase bubble/water mixed plume can occur nat-
urally (e.g., natural petroleum seeps from seafloor [1,2]), artificially (e.g., reservoir destratification
and aeration systems [3–6]), or accidentally (e.g., subsea wellhead blowout accidents [7,8]). The
dynamics of the bubble-driven plume near the source of the subsea release is strongly affected by
the bubble-induced buoyancy effect and the stable water stratification [4,9,10]. During the plume
rising process, ambient water gets entrained into the plume by the turbulent eddies at the edge of the
plume and lifted to higher elevations. In a stably stratified water environment (i.e., the water density
decreases gradually towards higher elevation), the net buoyancy of the plume decreases with height
due to the increasing density difference between the lifted water within the plume and ambient water

*diyang@uh.edu

2469-990X/2021/6(4)/044613(37) 044613-1 ©2021 American Physical Society

https://orcid.org/0000-0002-4702-6393
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevFluids.6.044613&domain=pdf&date_stamp=2021-04-29
https://doi.org/10.1103/PhysRevFluids.6.044613


SHUOLIN XIAO, CHEN PENG, AND DI YANG

FIG. 1. Schematics of plume structure types in stratified water without crossflow based on the plume
classification defined by Asaeda and Imberger [4] and Socolofsky et al. [12].

around the plume. The reduced buoyancy eventually results in the peeling of the entrained water at
a height of maximum rise (named the peel height, hp), and a falling plume is formed outside the
rising inner plume [4,9,10]. The peeled water falls as a downward plume to a neutral buoyancy level
(named the trap height, ht ), and then disperses horizontally to form an intrusion layer [4,11].

Asaeda and Imberger [4] performed water tank experiments of bubble-driven plumes in stratified
water without crossflow and classified the plume structures into three types. In this classification, the
Type 1 plume has a large gas flow rate and weak stratification, allowing the plume to reach the water
surface directly without forming the peeling event [Fig. 1(a)]; the Type 2 plume has moderate gas
flow rate and water stratification, resulting in distinct peeling events to form stable intrusion layers
[Fig. 1(c)]; the Type 3 plume has low gas flow rate and strong stratification, resulting in irregular
peeling process and unstable intrusion [Fig. 1(d)].

By performing a large set of laboratory experiments, Socolofsky et al. [12] and Socolofsky and
Adams [9,11] further extended and generalized the plume classification of Asaeda and Imberger [4].
They found that the plume structure can be classified based on a key dimensionless parameter, the
dimensionless bubble rise velocity, defined as [9,11,12]

WN = wr/(B0N )1/4, (1)

where wr is the bubble rise velocity, B0 is the kinematic buoyancy flux induced by the bubble
source, and N is the buoyancy frequency of the stratified water. For fixed B0 and N , the value
of WN increases when wr increases, which can be realized by increasing the size of the released
bubbles. Socolofsky and Adams [9,11] conducted their experiments with sufficient water depth so
that the Type 1 plume [Fig. 1(a)] did not occur. Instead, they observed a new Type 1* plume when
WN < 1.5 [9], which usually occurs when the plume is driven by small bubbles that have small rise
velocity relative to the surrounding water. As illustrated in Fig. 1(b), the small bubbles accumulate
above the source to form a strong buoyancy flux and drive the plume to rise. When the plume
reaches the peeling region, the lateral flow motions associated with the peeling process widen the
bubble plume diameter and reduce the bubble mass concentration. Above the peel height, although
the small bubbles can continue to drive the plume, the reduced bubble mass concentration results
in a weakened buoyancy that is insufficient to form distinct intrusion above the first peel height.
As the dimensionless rise velocity further increases to 1.5 < WN < 2.4 [9], the plume falls into
the Type 2 category [Fig. 1(c)]. The major difference between the Type 2 and Type 1* plumes is
that the bubbles in the Type 2 plume have sufficient buoyancy and rise velocity to resist the lateral
diffusion at the peel height and maintain the bubble concentration beyond the first peel height, which
allows the formation of successive intrusion layers if the water depth is sufficient [Fig. 1(c)]. As WN

further increase to WN > 2.4 (usually for plume with large bubbles), the plume becomes the Type 3
with irregular peeling and unsteady intrusion [9]. This plume classification based on WN [9,11,12]
has been successfully applied to classify the plume structures in several recent studies (see, e.g.,
Refs. [10,13–16]).
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FIG. 2. Schematics of plume structures in stratified water with (a) strong and (b) weak crossflows. Uc

denotes the crossflow velocity, hs denotes the height where the bubble and water plumes separate [19], and ht

denotes the trap height of the detrained water [11,19].

In an open water environment, crossflow often occurs and can further complicate the dynamics
of the bubble-driven multiphase plume (see, e.g., Refs. [8,10,17,18]). As shown in Fig. 2(a), a strong
crossflow can tilt the bubble plume and entrained water stream in the multiphase plume at different
angles away from the vertical direction due to their different vertical velocities, causing them to
quickly separate at a critical height hs above the plume source [19]. As illustrated in Fig. 2(a), this
separation height hs is defined as the height where the upper bound of the water stream separates
from the centerline of the bubble plume [10,19]. After the separation from the bubble plume, the
further transport of the water stream may be tracked and modeled relatively easily without the
influence of the bubble buoyancy [18]. If the crossflow is relatively weak [Fig. 2(b)], the bubbles
and the entrained water flow in the plume cannot be separated directly by the crossflow before the
multiphase plume reaches the peel height [19], resulting in inclined rising/falling double-plume
structure with increased complexity in the plume dynamics due to the crossflow. Socolofsky and
Adams [19] performed a series of experiments to study bubble-driven plumes in both unstratified
and stratified crossflows. They observed the plume structures from the side using the laser-induced
fluorescence method. It should be noted that most of their reported experiments were for plumes in
unstratified crossflow, and only four exploratory cases (no crossflow as well as weak, moderate,
and strong crossflows) with water stratification were included to illustrate the complex plume
dynamics in stratified crossflow. Although these limited number of experiments provided valuable
insights about the macroscopic plume structures in stratified crossflow, they did not provide the
three-dimensional characteristics of the plumes or the quantitative information of the velocity and
dye concentration fields. To date, there is a lack of systematic investigation on the characteristics
of buoyant plumes in stratified crossflows (see the recent review by Boufadel et al. [20]), and the
detailed plume dynamics and material transport under the combined influence of stratification and
crossflow are still not well understood.

In recent years, large-eddy simulation (LES) has become a valuable numerical tool for modeling
the detailed turbulent flow physics in buoyant plumes (see, e.g., Refs. [21–28]). LES captures
the unsteady turbulent plume dynamics over a range of spatial and temporal scales down to the
computational grid scale, and models the unresolved small-scale effects using the subgrid-scale
(SGS) models [29]. Among different strategies for modeling the multiphase bubble-driven plumes,
the Eulerian-Eulerian approach [30,31] has been widely adopted due to its relatively low com-
putational cost [20,32]. In the Eulerian-Eulerian approach, the water in and around the plume
is treated as a continuous phase and its turbulent flow motions are modeled in LES by solving
the filtered Navier-Stokes equations; the bubble field is treated as a dispersed particle phase and
described using an Eulerian concentration function, and its evolution is modeled by solving a filtered
advection-diffusion equation. The Eulerian-Eulerian LES approach has been successfully applied in
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several recent studies to model the buoyant multiphase plumes in stratified water environment (see,
e.g., Refs. [14,15,24,25,28,33,34]).

In this study, the dynamics of bubble-driven plume in stably stratified water with crossflow
is modeled using the Eulerian-Eulerian LES bubble plume model developed in Yang et al. [14].
The simulations focus on conditions with relatively weak crossflow, aiming at capturing the rich
dynamics of the plume when it is affected by both the stratification and the crossflow. Three different
crossflow velocities are considered: Uc = 0.5, 1, and 2 cm/s. For each crossflow velocity, four
plume conditions with different bubble rise velocities are considered, wr = 3, 6, 12, and 20 cm/s,
for which the corresponding dimensionless rise velocity based on Eq. (1) are WN = 0.53, 1.06, 2.12,
and 3.53, respectively. As discussed in detail in Sec. III, these simulation cases are set up such that
the weak crossflow does not force the bubbles and the entrained water stream to separate too early,
allowing the bubble/water mixed plume to have sufficient interaction with the stratified water to
reach the peel height and form the falling plume [Fig. 2(b)]. Moreover, a reference case without
crossflow is also simulated for wr = 6 cm/s for comparison purpose. Based on the LES results,
both the instantaneous and time-averaged plume structures from the various simulation cases are
compared to elucidate the effects of crossflow on the plume characteristics. The interactions of
the bubble-driven plume with water stratification and crossflow also strongly affect how materials
carried by the plume are dispersed into the surrounding water. To track the material transport
process, a dye tracer is released into the plume and its transport is simulated in the LES by solving
the filtered advection-diffusion equation for the dye concentration. The statistics of the dye fluxes
due to both the mean flow and turbulence are quantified, and the results for different simulation
cases are compared in this paper. By performing these systematic simulations and data analysis, this
study aims at characterizing the combined effects of stable stratification and weak crossflow on the
plume structure and the material transport under various bubble and crossflow conditions.

The remainder of this paper is organized as follows. The LES model is described in detail in
Sec. II. The configurations of the simulation cases are discussed in Sec. III. The simulations and
statistical analysis results are reported in Sec. IV. Finally, conclusions are given in Sec. V.

II. LARGE-EDDY SIMULATION MODEL DESCRIPTION

The present LES model uses the Cartesian coordinate system defined as x = (x, y, z), where x,
y, and z are the streamwise, spanwise, and vertical coordinates, respectively. The corresponding
velocity vector is denoted as u = (u, v,w). In the LES model, the bubble phase is assumed to have
low void fraction and carry negligible momentum compared with the water phase [14,25,26]. The
water flow in and around the plume is modeled as a continuous phase carrier flow, which is governed
by the filtered Navier-Stokes equations [14,34,35],

∇ · ũ = 0, (2)

∂ũ
∂t

+ ũ · ∇ũ = − 1

ρ0
∇P̃ − ∇ · τd +

(
1 − ρ̃

ρ0

)
gez +

(
1 − ρb

ρ0

)
C̃b

ρb
gez. (3)

Here, the tilde denotes the variable resolved by the LES computational grid; ρ0 is the reference
water density; ρ̃ is the resolved local water density; ρb is the density of air in the bubbles; g
is the gravitational acceleration; ez is the unit vector in the vertical direction; C̃b is the resolved
mass concentration of air bubbles; τd = τ − [tr(τ)/3]I is the deviatoric part of the subgrid-scale
stress tensor τ = ũu − ũũ, where tr(τ) is the trace of τ and I is the identity tensor; and P̃ = p̃ +
ρ0[tr(τ)/3 + (̃u · ũ)/2 − gz] is the modified pressure, where p̃ is the resolved water pressure. The
last two terms in Eq. (3) are the buoyancy forces due to water stratification and bubble concentration,
respectively, which are modeled based on the Boussinesq approximation [14,15,25,28,33,34,36–
38]. More details on the derivation of Eq. (3) are given in Appendix A.

Following previous LES studies (see, e.g., Refs. [14,28,33,36–38]), the water density stratifi-
cation is modeled by simulating a temperature field θ governed by a filtered convection-diffusion
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equation

∂θ̃

∂t
+ ∇ · (̃ũθ ) = −∇ · πθ , (4)

and the density field ρ̃ is assumed to vary linearly with θ̃ as

ρ̃ = ρ0[1 − αt (̃θ − θ0)], (5)

where πθ = ũθ − ũ̃θ is the SGS thermal flux, αt is the thermal expansion coefficient, and θ0 is the
reference temperature corresponding to the reference water density ρ0.

In the present LES model, the bubbles are modeled as a dispersed phase transported by the
carrier flow, with their instantaneous local concentration being described by a continuous Eulerian
concentration function Cb(x, t ). The evolution of the concentration field is simulated by solving a
filtered transport equation,

∂C̃b

∂t
+ ∇ · (̃vbC̃b) = −∇ · πb + qb, (6)

where ṽb is the Lagrangian transport velocity of bubbles, πb = ũCb − ũC̃b is the SGS flux of bubble
mass concentration, and qb is a volumetric source term representing the release of the air bubbles
from a localized source (being zero outside the source region). The bubble transport velocity ṽb is
modeled as [14,28,39]

ṽb = ũ + wrez + wr

g

Dũ
Dt

, (7)

where wr is the rise velocity of bubbles relative to the surrounding carrier flow caused by the bubble
buoyancy, and Dũ/Dt = ∂ũ/∂t + ũ · ∇ũ is the material derivative (or Lagrangian acceleration) of
the carrier flow velocity. Following Zheng and Yapa [40], the bubble rise velocity is parametrized
based on

wr = Rebμ

ρ0d
, (8)

where μ is the water viscosity and d is the equivalent spherical diameter of the bubble. The particle
Reynolds number Reb can be parametrized in explicit function form as [41]

Reb = ND/24 − 1.7569 × 10−4N2
D

+6.9252 × 10−7N3
D

−2.3027 × 10−10N4
D, if ND � 73,

log10 Reb = −1.7095 + 1.33438W − 0.11591W 2, if 73 < ND � 580,

log10 Reb = −1.81391 + 1.34671W − 0.12427W 2

+0.006344W 3, if 580 < ND � 1.55 × 107,

(9)

where ND = 4ρ0(ρ0 − ρb)gd3/3μ2 and W = log10 ND.
In addition, the transport of dye tracers is also simulated in the LES model to capture the effects

of the plume dynamics and crossflow on transporting materials. The evolution of the dye mass
concentration field C̃dye is governed by the filtered transport equation

∂C̃dye

∂t
+ ∇ · (̃uC̃dye) = −∇ · πdye + qdye, (10)

where qdye is a source term for the dye release and πdye = ( ˜uCdye − ũC̃dye) is the SGS dye concen-
tration flux. Unlike the bubbles, the concentration function of the dye tracers is transported by the
carrier flow as a passive scalar, thus the resolved carrier flow velocity ũ is used in the convective
term in Eq. (10).
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Similar to prior LES studies of turbulent plumes and jets (see, e.g., Refs. [14,15,24,25,28,33–
35]), the molecular viscosity and molecular diffusivity terms are omitted in the filtered LES govern-
ing equations (3), (4), (6), and (10) due to their negligible effects compared with the corresponding
SGS flux terms. The LES governing equations are closed by parametrizing the SGS terms with
proper turbulence closures. In particular, the SGS stress tensor τd is parametrized using the Lilly-
Smagorinsky eddy-viscosity type model [42,43], τd = −2νsgsS̃, where S̃ = [∇ũ + (∇ũ)T ]/2 is the
resolved strain rate tensor, νsgs = (cs�)2 |̃S| is the modeled SGS eddy viscosity, cs is the Smagorin-
sky model coefficient, and � is the LES grid (filter) scale. The value of cs is determined dynamically
during the simulation using the Lagrangian-averaged scale-dependent dynamic (LASD) SGS model
[44]. The SGS fluxes of the scalar quantities are then parametrized as πθ = −(νsgs/Prsgs)∇θ̃ ,
πb = −(νsgs/Scsgs)∇C̃b, and πdye = −(νsgs/Scsgs)∇C̃dye, with the constant SGS Prandtl number
Prsgs = 0.4 and SGS Schmidt number Scsgs = 0.4 [14,34,35,45–50].

The present LES model uses a hybrid numerical scheme for solving the governing equations
for the flow and scalar field evolutions. For the flow field, Eqs. (2) and (3) are discretized by
the pseudospectral method in the horizontal directions on collocated grids and the second-order
central finite difference method in the vertical direction on staggered grids [51]. The velocity field is
advanced in time by the second-order Adams-Bashforth scheme. The divergence-free constraint of
the velocity field is ensured by solving the pressure field from a Poisson equation constructed based
on Eq. (2). The pressure is then used to project the predicted velocity field onto the divergence-free
space. Equation (4) is also discretized by the hybrid pseudospectral and finite difference method and
integrated in time by the second-order Adams-Bashforth scheme.

Unlike the flow equations, Eqs. (6) and (10) are for the spatially nonhomogeneous bubble and
dye concentration fields and are not discretized by the pseudospectral method. Instead, they are
discretized by a finite-volume method developed by Chamecki et al. [52], which uses the carrier flow
velocity field interpolated from the pseudospectral/finite-difference flow solver’s computational
grids to the finite-volume grids of the scalar field solver based on a constrained interpolation
scheme that conserves the velocity divergence-free condition. The LES solver for Eqs. (6) and
(10) uses a bounded third-order upwind scheme for the advection term [53] and advances in
time using the second-order Adams-Bashforth scheme [52]. Although the bounded finite-volume
method induces additional numerical dissipation to the LES scalar solver, it provides the necessary
boundedness to the simulated particle concentration field to suppress the occurrence of numerical
oscillation that may result in unphysical negative concentration [52]. The present hybrid LES model
uses the dissipative finite-volume method only for the particle concentration field, while uses the
pseudospectral method combined with the advanced LASD SGS model to reserve the high-order
accuracy of the simulated turbulent flow velocity and temperature fields. A similar hybrid LES
modeling approach has been successfully applied in several prior studies of particle transport in
turbulent flows and showed good agreements with experimental data and theoretical predictions
(see, e.g., Refs. [35,50,54–56]).

The pseudospectral method used in the present LES is based on the Fourier series transformation,
which typically requires periodic boundary conditions in the horizontal directions. In order to
enable the application of inflow/outflow conditions in the streamwise direction for modeling the
plume interacting with a crossflow, in this study the fringe zone method [57–59] is adopted. As
illustrated in Fig. 3, a fringe zone of finite streamwise thickness adjacent to the outflow boundary
of the simulation domain is used to force the velocity field back to its value at the inflow boundary,
which allows the simulation of the nonperiodic flow using the periodic pseudospectral flow solver.
Specifically, let x f r and xout be the x coordinates for the starting location of the fringe zone
and the outflow boundary of the simulation domain, respectively. The velocity within the fringe
zone x f r � x � xout is imposed as ũ(x, y, z) = ũ(x f r, y, z)[1 − f (x)] + (Ucex ) f (x), where Uc is
the imposed crossflow velocity in the x-direction at the inflow boundary, ex is the unit vector in
the x-direction, and f (x) = 0.5 − 0.5 cos[π (x − x f r )/(xout − x f r )] is the fringe function. A similar
fringe zone method has been successfully applied in the Fourier-series-based pseudospectral LES
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FIG. 3. Three-dimensional instantaneous plume for case W6U2.

model for simulating nonperiodic turbulent flows past trees (see, e.g., Refs. [59,60]) and wind
turbines (see, e.g., Refs. [61,62]).

In the simulation, the top boundary of the simulation domain is kept flat, where the free-slip
and impermeability conditions (∂ ũ/∂z = ∂ ṽ/∂z = 0 and w̃ = 0) are used for the velocity field.
At the top boundary, a no-flux condition (∂C̃dye/∂z = 0) is used for the dye concentration field,
and an outflux condition (	s = wrC̃b|surface) is used to release the gas from the simulation domain
when the bubbles reach the top boundary. Similar top surface conditions have been used in Yang
et al. [14]. The bottom boundary of the simulation domain is set to be flat, where the free-slip and
impermeability conditions are applied for the velocity field and the no-flux condition is used for both
the bubble and dye concentrations. Recently, the present LES solver with the fringe zone method
and similar top and bottom boundary conditions has also been successfully applied to model the
dynamics of oil jet in crossflow [35], and good agreement with the data of a towing tank experiment
[63] was obtained.

III. CONFIGURATION OF SIMULATION CASES

The physical parameters of the simulations are chosen to be similar to those used in the previously
reported laboratory experiments and numerical simulations [14,64]. In all the simulation cases, the
computational domain height is set to be H = 0.9 m. The air bubbles with density ρb = 1.4 kg/m3

are released at a total volume release rate of Qb = 1.5 × 10−6 m3/s from a localized source at
0.08 m above the bottom boundary. This source location mimics the typical laboratory experimental
condition in which the plume source is placed at some distance above the bottom of the water
tank to avoid significant influence of the bottom boundary on the plume dynamics (see, e.g.,
Refs. [4,19,63–66]). A similar configuration of plume source location has also been used in other
recent LES studies [14,35]. The corresponding kinematic buoyancy flux induced by the bubble
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TABLE I. Key parameters for the LES cases: wr is the dimensional bubble rise velocity; Uc is the
dimensional crossflow velocity; B0 is the bubble source kinematic buoyancy flux; N is the buoyancy frequency
of the stratified water; WN is the dimensionless bubble rise velocity defined by Eq. (1); hp,LES is the mean plume
peel heights estimated based on the LES data; hp,0 is the mean plume peel height predicted by the empirical
formula (12) for plume in stratified water without crossflow; and hs,0 is the separation height of the bubble and
entrained water predicted by the empirical formula (11) for plume in unstratified water with crossflow.

Case wr Uc B0 N hp,LES hp,0 hs,0

ID (cm/s) (cm/s) (m4/s3; 10−5) (s−1) WN (m) (m) (m)

Wr3-Uc05 3 0.5 1.47 0.7 0.53 0.38 0.36 13.06
Wr3-Uc1 3 1 1.47 0.7 0.53 0.37 0.36 7.10
Wr3-Uc2 3 2 1.47 0.7 0.53 0.38 0.36 3.86
Wr6-Uc0 6 0 1.47 0.7 1.06 0.39 0.40 ∞
Wr6-Uc05 6 0.5 1.47 0.7 1.06 0.38 0.40 3.02
Wr6-Uc1 6 1 1.47 0.7 1.06 0.38 0.40 1.64
Wr6-Uc2 6 2 1.47 0.7 1.06 0.40 0.40 0.89
Wr12-Uc05 12 0.5 1.47 0.7 2.12 0.39 0.42 0.70
Wr12-Uc1 12 1 1.47 0.7 2.12 0.37 0.42 0.38
Wr12-Uc2 12 2 1.47 0.7 2.12 0.36 0.42 0.21
Wr20-Uc05 20 0.5 1.47 0.7 3.53 0.36 0.31 0.24
Wr20-Uc1 20 1 1.47 0.7 3.53 0.32 0.31 0.13
Wr20-Uc2 20 2 1.47 0.7 3.53 0.33 0.31 0.07

source is B0 = gQb(ρ0 − ρb)/ρ0 = 1.47 × 10−5 m4/s3, where ρ0 = 1000 kg/m3. By setting the
origin of the coordinate system to be at the center of the bubble releasing source, the vertical domain
ranges from z = zbot = −0.08 m to z = ztop = 0.82 m. The air bubble source is smeared smoothly
using a super Gaussian function over a finite cylindrical volume of Vs = πb2

s h, with a source radius
bs = 7 mm and a height h = 6.25 mm (i.e., two times of the vertical grid size, which is specified
below).

The water in the simulation domain is linearly stratified from z = −0.08 m (bottom) to z =
0.72 m with a constant density gradient of ∂ρ/∂z = −50 kg/m4, which corresponds to a buoyancy
frequency of N = √−(g/ρ0)∂ρ/∂z = 0.7 s−1. The top 0.1 m of the simulation domain has a
uniform water density of ρ0 = 1000 kg/m3 to mimic the effect of the surface mixed layer in oceans
and lakes. This uniform density layer helps to prevent the plume flow and internal waves from
reflecting back to the lower portion of the simulation domain by the top surface to ensure that the
observed plume phenomena are governed by the interaction between the bubble-driven plume and
the stratified crossflow. A similar setup of water stratification with a top layer of uniform water
density has also been used in previous experimental and numerical studies of bubble-driven plumes
(see, e.g., Refs. [14,64]).

The passive scalar dye is released into the center of the plume at a height of 3.75 cm (i.e., 12
vertical grid sizes) above the air bubble source with a mass release rate of Qdye = 5 × 10−3 mg/s.
This slight upward shift of the dye release source relative to the bubble source results in the dye
being injected at a location where the plume has gained sufficient vertical momentum to carry the
dye. If the dye was released at the same location as the bubbles, a considerable fraction of the dye
would be directly carried away by the crossflow due to the weak upward plume velocity in the
vicinity of the bubble source. This effect would not only reduce the amount of dye available for
tracing the plume dynamics, but also contaminate the lower portion of the dye concentration field
generated by the plume dynamics.

As listed in Table I, four different bubble rise velocities are considered in this study: wr = 3, 6,
12, and 20 cm/s. These rise velocities correspond to the equivalent bubble diameters of d = 0.31,
0.53, 1.01, and 2.02 mm, respectively, based on the empirical parametrization shown in Eqs. (8) and
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(9). It should be noted that the present LES model uses wr as the input parameter in Eq. (7). The
corresponding bubble equivalent diameters d may be slightly different if a different parametrization
of wr (d ) is used for the estimation, which does not affect the simulation results since d is not directly
used as an input parameter in the LES model. The corresponding values of the dimensionless bubble
rise velocity based on Eq. (1) for the four wr are WN = 0.53, 1.06, 2.12, and 3.53, respectively. These
conditions cover the three representative plume categories according to the plume classification
identified in the previous experimental studies [9,11,19]: (1) the cases with WN = 0.53 and 1.06 fall
into the Type 1* regime, in which the distinct peeling event occurs and the bubble column above it
is dispersed horizontally due to the radial motion of the peeling flow; (2) the case with WN = 2.12
is in the Type 2 regime, in which the distinct peeling event occurs but the bubble column remain
narrow above it; (3) the case with WN = 3.53 is in the Type 3 regime, in which the peeling events
become unstable and occur continuously along the rising plume.

Note that due to the additional effect of the crossflow, the actual plume structures for the
four WN cases considered in this study are expected to be different from the schematics shown
in Figs. 1(b)–1(d) that are for the plumes without crossflow. For each bubble condition, three
different crossflow velocities are investigated: Uc = 0.5, 1, and 2 cm/s. In addition, a reference
case without crossflow is also considered for wr = 6 cm/s. Each simulation case is named in terms
of the corresponding bubble rise velocity and crossflow velocity (see Table I). For example, the
case with wr = 3 cm/s and Uc = 0.5 cm/s is referred to as case Wr3-Uc05. These relatively weak
crossflow velocities are chosen to ensure that the crossflow does not force the bubbles and the
entrained water stream in the plume to separate too early so that the bubble/water mixed plume
can have sufficient interaction with the stratified water to generate the peeling and intrusion. For
the Type 1* and Type 2 plumes that have a distinct peeling process, the strength of the crossflow
may be estimated based on the critical separation height hs,0 and the plume peel height hp,0. Here,
hs,0 denotes the bubble/water separation height in the crossflow without stratification, which can be
estimated based on the empirical parametrization from Socolofsky and Adams [19],

hs,0 = 5.1B0(
Ucw2.4

r

)0.88 , (11)

and hp,0 denotes the peel height for plume in stratified water without crossflow estimated based on
the empirical parametrization from Socolofsky and Adams [9],

hp,0 = 5.2

(
B0

N3

)1/4

exp

{
− 1

10.1

[
wr

(B0N )1/4
− 1.8

]2}
. (12)

Socolofsky and Adams [19] and Socolofsky et al. [10] suggested that the plume structure is
dominated by the crossflow effect if hs,0 < hp,0 and by the stratification effect if hs,0 > hp,0. As
shown in Table I, the condition hs,0 > hp,0 is satisfied for the cases with wr = 3 and 6 cm/s,
suggesting that the stratification effect dominates in these cases. On the other hand, for the cases
with wr = 12 and 20 cm/s, the estimated hs,0 are comparable to or smaller than hp,0, suggesting
that the crossflow is expected to generate more significant impact on the plume dynamics. Overall,
the three crossflow conditions considered in the present study fall into the weak crossflow category
[19]. As shown by the simulation results in Sec. IV, although the crossflow can tilt the plume, it is
not strong enough to force the bubble/water separation and prevent the plume peeling process from
occurring. In all the reported cases, the bubble-driven plume interacts with the stratified water to
create the peeling process and form the rising/falling double plume structure.

As illustrated in Fig. 3, for the simulation cases with crossflow, the horizontal domain dimensions
are set to be Lx = 1.5 m and Ly = 1.2 m for the x- and y-directions, respectively. The simulation
domain is discretized using Nx × Ny × Nz = 320 × 256 × 289 grid points, with even grid spacing
in each direction. In the x-direction, a uniform streamwise velocity Uc is imposed at the inflow
boundary at 0.45 m upstream from the bubble source. The last 0.3 m of the streamwise domain
is set to be the fringe zone for imposing the outflow condition, as explained in Sec. II. For case
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Wr6-Uc0 without the crossflow, the simulation domain is set to be (Lx, Ly, H ) = (1.5, 1.5, 0.9) m,
which has equal dimensions in the x- and y-directions. No fringe zone is used in case Wr6-Uc0. To
have identical grid resolution as other simulation cases with the crossflow, the simulation domain
in case Wr6-Uc0 is discretized using Nx × Ny × Nz = 320 × 320 × 289 grid points. The bubble
source in case Wr6-Uc0 is located at the center of the horizontal domain at the same depth as
in other simulation cases with crossflow. All the 13 simulation cases included in this study have
the same grid resolution of (�x,�y,�z) = (4.6875, 4.6875, 3.125) mm. Recently, Peng et al.
[34] simulated the plume dynamics in deep stratified water without crossflow. They performed
grid convergence tests and showed that the current LES solver can produce consistent simulation
results with various grid resolutions. In the present study, additional grid convergence tests were
performed for the simulation of plume in crossflow (see Appendix B), and the results show that
the grid resolution used in the present study is sufficient for capturing the correct plume flow
physics.

IV. RESULTS

A. Instantaneous plume characteristics

Figure 4 shows the instantaneous plume of the reference case Wr6-Uc0. The basic dynamics of
the bubble-driven plume in stably stratified water can be seen from the scalar and velocity fields of
this case. Due to their smaller density than the surrounding water, the air bubbles rise towards the
water surface along a vertical column. The bubble-induced buoyancy also drives the water around
the bubble source to rise together as a plume of water/bubble mixture. The turbulent eddies at the
edge of the plume cause entrainment of surrounding water into the plume when it rises through the
stably stratified water, and lift the higher density water to higher elevations where the ambient water
has a lower density. This density difference results in a downward force to act against the buoyancy
induced by the bubbles, which eventually causes the water flow in the plume to lose the upward
momentum and detrain from the bubble column at the peel height around z = 0.4 m. Without the
crossflow, the bubble/water mixed plume rises vertically and the detrained water forms an annular
plume to fall along the outside of the rising plume [4,11,14]. As shown later in Sec. IV B, the
inner/outer double plume structure is nearly axisymmetric about the vertical axis at the center of
the plume. The detrained water falls as a downward plume to the neutral buoyancy level and forms
an horizontal intrusion layer at around z = 0.2 m.

Differently, in case Wr6-Uc05 with the weak crossflow of Uc = 0.5 cm/s (Fig. 5), the
bubble/water mixed rising plume is slightly tilted towards the positive x-direction, and the plume
velocity and dye concentration fields are no longer axisymmetric about the center line of the
rising plume. In particular, the horizontal peeling flow [Fig. 5(c)] and the subsequent falling plume
[Fig. 5(d)] bias towards the downstream direction of the crossflow, causing the intrusion layer to
form mainly towards the positive x-direction with a weak upstream intrusion layer extended only
up to x = −0.1 m [Fig. 5(b)]. If the crossflow becomes faster, as shown in Fig. 6 for case Wr6-Uc2,
the bubble plume further tilts towards the downstream direction of the crossflow [Fig. 6(a)]. With
the Uc = 2 cm/s crossflow velocity, the intrusion towards the upstream direction is completely
suppressed [Fig. 6(b)]. In case Wr6-Uc2, the detrained water forms a stronger downward plume
than that in case Wr6-Uc05, as indicated by the much larger region of downward velocity at
around (x, z) = (0.15, 0.3) m shown in Fig. 6(d) than the smaller region of downward velocity
at around (x, z) = (0.07, 0.25) m shown in Fig. 5(d). This is because the faster crossflow tilts the
bubble/water plume sufficiently away from being vertical, allowing the downward plume to fall
on the downstream side of the rising plume with less contact. More quantitative comparison of the
downward plume velocity under different crossflow velocities is given in Sec. IV B based on the time
averaged plume. Compared with case Wr6-Uc05, the intrusion layer in case Wr6-Uc2 expands more
towards lower elevation and has lower local dye concentration [Fig. 6(b) versus Fig. 5(b)]. Further
analysis on the dye flux from the plume into the intrusion layer is presented in Sec. IV C. The
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FIG. 4. Instantaneous plume velocity and scalar fields on the (x, z)-plane across the source location for case
Wr6-Uc0 (wr = 6 cm/s, Uc = 0 cm/s): (a) bubble concentration C̃b; (b) dye concentration C̃dye; (c) streamwise
velocity ũ; (d) vertical velocity w̃. In (b)–(d) the solid lines are the isolines of C̃b = 0.001 kg/m3, which are
used to indicate the shape and location of the bubble column.

bubble column in case Wr6-Uc2 also shows a clear increase of tilt angle at the peel height (around
z = 0.4 m) as the peeling process expands the bubble column and reduces the bubble concentration,
resulting in smaller upward velocity for the plume above the peel height [Fig. 6(d)].

Changing the bubble rise velocity also affects the dynamics of the plume in the crossflow.
Figures 7 and 8 show the instantaneous plumes for cases Wr20-Uc05 and Wr20-Uc2, respectively.
Compared with the cases with smaller bubble rise velocity of wr = 6 cm/s, the bubble columns
in the cases with wr = 20 cm/s exhibit less horizontal dispersion and smaller tilt angle because of
the stronger buoyancy of the larger bubbles. Note that the cases with wr = 20 cm/s have the same
dimensionless rise velocity of WN = 3.53, which falls into the plume category of Type-3 featuring
unstable continuous peeling process along the edge of the rising plume [9,11,19]. The combination
of the unstable peeling in cases Wr20-Uc05 and Wr20-Uc2 with the crossflow causes a considerable
amount of dye to leak from the plume at a wide range of heights, resulting in more vertical spreading
of the dye intrusion layer than that in the cases with wr = 6 cm/s [see Figs. 7(b) and 8(b) versus
Figs. 5(b) and 6(b)]. The comparison between cases Wr20-Uc05 and Wr20-Uc2 also shows that the
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FIG. 5. Instantaneous plume velocity and scalar fields on the (x, z)-plane across the source location for case
Wr6-Uc05 (wr = 6 cm/s, Uc = 0.5 cm/s): (a) bubble concentration C̃b; (b) dye concentration C̃dye; (c) stream-
wise velocity ũ; (d) vertical velocity w̃. In (b)–(d) the solid lines are the isolines of C̃b = 0.001 kg/m3, which
are used to indicate the shape and location of the bubble column.

increase of crossflow velocity causes the plume in case Wr20-Uc2 to be further tilted towards the
positive x-direction, resulting in a stronger falling plume on the downstream side of the rising plume
[Figs. 7(d) and 8(d)] that pushes the upper edge of the intrusion layer to a lower elevation than that
in case Wr20-Uc05 [Figs. 7(b) and 8(b)].

B. Mean plume statistics

The instantaneous plume field exhibits considerable fluctuations in velocities and scalar concen-
trations due to the turbulence effect of the plume flow as well as the unsteadiness of the peeling
process [64]. Here the time average is performed to obtain the mean plume field, which helps to
illustrate the effect of crossflow on the averaged plume structure and material transport. Hereinafter,

the time average of a LES-resolved physical quantity f̃ is denoted as f̃ . For all the reported cases,
the bubbles were released at t = 0 s and the simulations were performed till the plume flow and dye
concentration fields have reached statistically steady state. After that, the instantaneous snapshots of
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FIG. 6. Instantaneous plume velocity and scalar fields on the (x, z)-plane across the source location for case
Wr6-Uc2 (wr = 6 cm/s, Uc = 2 cm/s): (a) bubble concentration C̃b; (b) dye concentration C̃dye; (c) streamwise
velocity ũ; (d) vertical velocity w̃. In (b)–(d) the solid lines are the isolines of C̃b = 0.001 kg/m3, which are
used to indicate the shape and location of the bubble column.

the entire three-dimensional simulation domain were sampled from t = 80 to 200 s with a fixed time
interval of 0.25 s between each sample. Altogether, a total number of 480 instantaneous snapshots
of the full simulation domain were used for time averaging in each case.

Figure 9 shows the time-averaged dye concentration for the plume of wr = 6 cm/s with four
different crossflow velocities of Uc = 0, 0.5, 1, and 2 cm/s. Following Seol et al. [64], the mean
peel height is evaluated based on the maximum elevation of the 5% threshold contour line of the
maximum time-averaged dye concentration (e.g., the dashed lines in Fig. 9). The mean peel heights
evaluated based on this approach are listed in Table I as hp,LES . For case Wr6-Uc0 [Fig. 9(a)],
without the presence of crossflow, the time-averaged dye concentration is nearly axisymmetric
about the plume center axis. The spatial distribution of the dye concentration shows that a primary
peeling event occurs at about z = 0.4 m, causing most of the initially entrained water to detrain
from the rising plume (as indicated by the much lower dye concentration further above) and fall
to the neutral buoyancy level to form the thin intrusion layer at around z = 0.2 m. This high peel
fraction associated with the primary peeling event shown by the present LES result is consistent
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FIG. 7. Instantaneous plume velocity and scalar fields on the (x, z)-plane across the source for case Wr20-
Uc05 (wr = 20 cm/s, Uc = 0.5 cm/s): (a) bubble concentration Cb; (b) dye concentration Cdye; (c) streamwise
velocity u; (d) vertical velocity w. In (b)–(d) the solid lines are the isolines of Cb = 0.001 kg/m3, which are
used to indicate the shape and location of the bubble column.

with the experimental observation reported in Socolofsky and Adams [9] and Socolofsky et al.
[10]. Only a very small fraction of entrained water can escape from the primary peeling event and
continue to rise upwards with the bubble plume. Further upwards, the bubble plume repeats the
water entrainment/peel process in the region at 0.4 � z � 0.6 m and forms a secondary intrusion
layer at about z = 0.4 m, where the small fraction of the initially entrained water (from the ambient
water below the primary peel height) that survived the primary peeling event gets fully trapped. A
similar secondary intrusion layer above the primary peel height has also been observed in previous
experimental and numerical studies [9,10,14,15].

For case Wr6-Uc05 [Fig. 9(b)], the weak crossflow of Uc = 0.5 m/s significantly suppresses
the upstream intrusion (i.e., towards the negative x-direction) and slightly increases the vertical
expansion of the primary intrusion layer at around z = 0.2 m on the downstream side of the plume.
The trace of the secondary peeling/intrusion process can be seen from the horizontal intrusion
of the dye at around z = 0.4 m, which has much lower dye concentration than that in the main
intrusion layer. As the crossflow velocity further increases, in cases Wr6-Uc1 [Fig. 9(c)] and
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FIG. 8. Instantaneous plume velocity and scalar fields on the (x, z)-plane across the source for case Wr20-
Uc2 (wr = 20 cm/s, Uc = 2 cm/s): (a) bubble concentration C̃b; (b) dye concentration C̃dye; (c) streamwise
velocity ũ; (d) vertical velocity w̃. In (b)–(d) the solid lines are the isolines of C̃b = 0.001 kg/m3, which are
used to indicate the shape and location of the bubble column.

Wr6-Uc2 [Fig. 9(d)], nearly all the initially entrained water detrains from the rising plume at the
peel height around z = 0.4 m, and no clear sign of secondary peeling/intrusion process is observed
further above. Moreover, a small fraction of water leaks directly from the bottom stem of the plume
due to the crossflow in cases Wr06-Uc1 and Wr06-Uc2. Unlike the water that escapes from the
rising plume at the peel height, the water leaked from the stem of the plume does not experience
considerable mixing with the lower density ambient water at higher elevation. Thus this stream of
water with higher density (with respect to the water in the primary intrusion layer) forms a secondary
intrusion layer at around z = 0.08 m that extends directly from the bottom stem of the rising plume.

Figure 10 compares the time-averaged dye concentration for the plumes of wr = 3, 6, 12, and
20 cm/s with the same crossflow velocity of Uc = 2 cm/s. Similar to the observation from the
instantaneous plume fields shown in Figs. 6 and 8, the time-averaged plumes shown in Fig. 10 also
exhibit different characteristics under the same crossflow condition when the bubble rise velocity
is changed. In particular, the mean bubble columns in cases Wr3-Uc2 and Wr6-Uc2 are clearly
affected by both the peeling process and the crossflow, exhibiting an expansion of the bubble column

044613-15



SHUOLIN XIAO, CHEN PENG, AND DI YANG

FIG. 9. Time-averaged plumes on the (x, z)-plane across the source for wr = 6 cm/s: (a) Wr6-Uc0;
(b) Wr6-Uc05; (c) Wr6-Uc1; (d) Wr6-Uc2. The color contours are for the time-averaged dye concentration;
the solid lines are the isolines for the time-averaged bubble mass concentration of 0.001 kg/m3, which are used

to indicate the location and shape of the bubble column, and the dashed lines are the isolines of 5% max{C̃dye},
which are used to define the mean peel height.

width and an increase of its tilt angle above the peel height at about z = 0.4 m. Some bubbles in case
Wr3-Uc2 are also pushed down quite a bit by the falling plume from the peeling event, as indicated
by the convex bubble concentration isoline shown in Fig. 10(a) at around (x, z) = (0.2, 0.25) m.
In cases Wr3-Uc2 and Wr6-Uc2, most of the dye is carried into the primary intrusion layer at
around z = 0.2 m, but the secondary intrusion layer at the lower elevation around z = 0.08 m is still
noticeable. As the bubble rise velocity increases to wr = 12 cm/s in case Wr12-Uc2 [Fig. 10(c)],
the primary peeling process occurs at a lower elevation near z = 0.3 m, and the narrow rising plume
also releases water and dye continuously into the crossflow at low elevation. As a result, the dye
concentration in the secondary intrusion layer at around z = 0.08 m reaches a comparable level
as that in the primary intrusion layer at around z = 0.2 m. In case Wr20-Uc2 [Fig. 10(d)], the
unstable and continuous peeling processes completely dominate and the dye is transported by the
crossflow into a continuous intrusion layer ranging from about z = 0.02 to 0.3 m, with higher dye
concentration near the lower elevation. More discussion on the dye fluxes due to mean plume flow
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FIG. 10. Time-averaged plumes on the (x, z)-plane across the source for Uc = 2 cm/s: (a) Wr3-Uc2;
(b) Wr6-Uc2; (c) Wr12-Uc2; (d) Wr20-Uc2. The color contours are for the time-averaged dye concentration;
the solid lines are the isolines for the time-averaged bubble mass concentration of 0.001 kg/m3, which are used

to indicate the location and shape of the bubble column, and the dashed lines are the isolines of 5% max{C̃dye},
which are used to define the mean peel height.

and turbulent fluctuation is presented in Sec. IV C to explain the formation of the dye concentration
field presented in this section.

The presence of crossflow can break the axisymmetry of the bubble-driven plume, causing
the flow and dye concentration fields to have more complex three-dimensional (3D) features. To
illustrate these 3D features of the time-averaged plume structure, in Fig. 11 the isosurfaces of the
flow vertical velocity and dye concentration of the time-averaged plumes are plotted together. The
corresponding two-dimensional (2D) contours of the averaged vertical velocity w̃ on the (x, z)-plane
at y = 0 m and on the (x, y)-plane at z = 0.25 m are shown in Figs. 12 and 13, respectively.
Figure 11(a) shows the 3D mean plume structure for case Wr06-Uc0. Without the crossflow, the
overall mean plume structure in case Wr06-Uc0 appears to be quite symmetric about the central axis
of the plume, including the straight rising plume (indicated by the red isosurfaces of w̃ = 1.5 cm/s),
the annular falling plume (indicated by the blue isosurfaces of w̃ = −1.5 cm/s), and the pancake-

shaped intrusion layer (indicated by the brown isosurfaces of C̃dye = 4 mg/m3). Without the effect
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FIG. 11. Time-averaged 3D plumes for Wr = 6 cm/s: (a) Wr6-Uc0; (b) Wr6-Uc05; (c) Wr6-Uc1; (d) Wr6-
Uc2. The red isosurfaces are for the mean vertical velocity w̃ = 1.5 cm/s, the blue isosurfaces are for the mean

vertical velocity w̃ = −1.5 cm/s, and the brown isosurfaces are for C̃dye = 4 mg/m3.

of the crossflow, in case Wr06-Uc0 the falling plume formed from the peeling event distributes
smoothly in an annular region surrounding the rising plume [Figs. 12(a) and 13(a)]. This annular
falling plume interacts with both the inner rising plume and the ambient quiescent water surrounding
it, resulting in small downward velocity in case Wr06-Uc0 (i.e., with a peak of w̃ ∼ −0.02 m/s).

FIG. 12. Time-averaged vertical velocity w̃ on the (x, z)-plane at y = 0 m for cases with wr = 6 cm/s:
(a) Wr6-Uc0; (b) Wr6-Uc05; (c) Wr6-Uc1; (d) Wr6-Uc2. Several representative contour lines of w̃ are plotted
on top of the smooth 2D color plot, among which the solid lines are for w̃ > 0 and the dashed lines are for
w̃ < 0.
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FIG. 13. Time-averaged vertical velocity w̃ on the (x, y)-plane at z = 0.25 m for cases with wr = 6 cm/s:
(a) Wr6-Uc0; (b) Wr6-Uc05; (c) Wr6-Uc1; (d) Wr6-Uc2. Several representative contour lines of w̃ are plotted
on top of the smooth 2D color plot, among which the solid lines are for w̃ > 0 and the dashed lines are for
w̃ < 0.

Note that the time-averaged plume shown in Fig. 11(a) is not perfectly axisymmetric. This is as
expected because the instantaneous plume snapshots for time average are sampled from only one
LES run. Assemble averaging using additional independent instantaneous samples of the turbulent
plume field is needed, which can be obtained by performing separate LES runs with a different
small disturbance added into the initial condition of the LES. Moreover, the box shape of the
computational domain in case Wr06-Uc0 also makes it difficult to obtain a perfect axisymmetric
plume. Nevertheless, the simulation result from case Wr06-Uc0 can still serve as a reference to help
illustrate the effect of crossflow on the 3D plume characteristics.

Figures 11(b)–11(d) show the time-averaged 3D plume for wr = 6 cm/s under the three different
crossflow conditions. As the crossflow velocity increases, the falling plume shifts more towards the
downstream side (with respect to the crossflow) of the rising plume, causing the falling plume to no
longer surround the rising plume. This downstream shift of the falling plume can also be seen from
the 2D plots shown in Figs. 12(b)–12(d) and 13(b)–13(d). In particular, the falling plumes in cases
Wr06-Uc05 and Wr06-Uc1 form a semiannular region around the downstream side of the rising
plume, while the falling plume in case Wr06-Uc2 has a round shape and much less contact area with
the rising plume than those in the other three cases. This reduced contact with increasing Uc causes
the magnitude of the vertical flow velocity in both the rising and falling plumes to become greater,
as indicated by the increase of volumes enclosed by the isosurfaces of w̃ = ±1.5 cm/s shown in
Figs. 11(b)–11(d) [also see the 2D contours of w̃ shown in Figs. 12(b)–12(d) and 13(b)–13(d)].
Note that in case Wr06-Uc2 [Fig. 11(d)], the high vertical velocity in the falling plume causes it
to overshoot, resulting in another rising flow on the downstream side of the falling plume to bring
the water back to the neutral buoyancy elevation. The shape of the intrusion layer also exhibits
significant variation as the crossflow velocity increases. In case Wr06-Uc05 with Uc = 0.5 cm/s
[Fig. 11(b)], the intrusion layer (indicated by the brown-colored isosurfaces of dye concentration) is
narrow in the vertical direction and wide in the spanwise direction. As the crossflow velocity further
increases, the vertical expansion of the intrusion layer further increases while the spanwise width
decreases, confining the intrusion of water and dye into a narrow tube-shaped region [Figs. 11(c)
and 11(d)].

The rising plume interacts with the ambient water and falling plume via the lateral turbulent flux
of the vertical momentum, which consists of two components in LES: the unresolved SGS flux τ d

13 =
−νsgs(∂w̃/∂x + ∂ ũ/∂z) and the resolved turbulent flux u′w′. Here u′ = ũ − ũ and w′ = w̃ − w̃ are
the turbulent fluctuations of the resolved velocities ũ and w̃, respectively. Figures 14 and 15 show the
contours of the time-averaged SGS momentum flux τ d

13 and the resolved turbulent momentum flux
u′w′ for the cases with wr = 6 cm/s under four different crossflow conditions, respectively. In all
the four cases, τ d

13 dominates in the stem region of the rising plume (Fig. 14), resulting in the initial
lateral expansion of the plume width when it rises through the ambient water. Towards the peel
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FIG. 14. Time-averaged SGS shear stress τ d
13 = −νsgs(∂w̃/∂x + ∂ ũ/∂z) (i.e., the color contours) on the

(x, z)-plane across the source for the cases with wr = 6 cm/s: (a) Wr6-Uc0; (b) Wr6-Uc05; (c) Wr6-Uc1;
(d) Wr6-Uc2. The solid lines are the isolines of w̃ = 1 cm/s, and the dashed lines are the isolines of w̃ =
−1 cm/s, which are used to indicate the locations of the rising and falling plumes, respectively.

height, more turbulent flow motions are developed due to the unsteady peeling flow and the strong
shear between the rising and falling plumes. These turbulent flow motions are directly resolved by
the LES model, as indicated by the high value of u′w′ and low value of τ d

13 at about 0.2 � z � 0.4 m
(Figs. 14 and 15). Associated with the shift of the falling plume structure from being annular around
the rising plume to falling on the downstream side of the plume as Uc increases (Figs. 12 and 13),
the turbulent momentum flux u′w′ also biases towards the downstream side [Figs. 15(b)–15(d)].

Figure 16 shows the time-averaged 3D plumes for the four different bubble rise velocities under
the same crossflow condition of Uc = 2 cm/s. The corresponding 2D contours of the averaged
vertical velocity w̃ on the (x, z)-plane at y = 0 m are shown in Fig. 17. As the bubble rise velocity
increases, the plume varies from having a strong distinct peeling event in case Wr3-Uc2 to form
the isolated falling plume below the peel height [Figs. 16(a) and 17(a)], to having a continuous
peeling process in case W20-Uc2 to form the continuous and smooth falling plume from bottom to
top along the downstream side of the rising plume [Figs. 16(d) and 17(d)]. For all the four cases
shown in Fig. 16, the 2 cm/s crossflow confines the spanwise width of the intrusion region. Cases
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FIG. 15. Time-averaged Reynolds shear stress u′w′ (i.e., the color contours) on the (x, z)-plane across the
source for the cases with wr = 6 cm/s: (a) Wr6-Uc0; (b) Wr6-Uc05; (c) Wr6-Uc1; (d) Wr6-Uc2. The solid
lines are the isolines of w̃ = 1 cm/s, and the dashed lines are the isolines of w̃ = −1 cm/s, which are used to
indicate the locations of the rising and falling plumes, respectively.

Wr3-Uc2 and Wr6-Uc2 exhibit a similar tube-shaped intrusion region [Figs. 16(a) and 16(b)]. In
case Wr12-Uc2, the secondary intrusion region can be seen clearly below the primary tube-shaped
intrusion region [Fig. 16(c)]. In case Wr20-Uc2, the combined effect of stronger crossflow and
continuous peeling process forms a continuous intrusion region (i.e., no separated primary and
secondary intrusions) that is narrow in the spanwise direction but tall in the vertical direction
[Fig. 16(d)].

The corresponding time-averaged SGS momentum flux τ d
13 and resolved turbulent momentum

flux u′w′ for the four cases with Uc = 2 cm/s and different wr are shown in Figs. 18 and 19,
respectively. Similar to the results shown in Figs. 14 and 15, τ d

13 dominates in the stem region
of the rising plume, while u′w′ becomes dominant at higher elevation near the peel height where
the resolved turbulent flow motions are stronger due to the unsteady peeling flow. For all the four
different wr cases, the 2 cm/s crossflow causes u′w′ to bias towards the downstream side (with
respect to the crossflow) of the rising plume where the rising and falling plumes interact. Case
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FIG. 16. Time-averaged 3D plumes for Uc = 2 cm/s: (a) Wr3-Uc2; (b) Wr6-Uc2; (c) Wr12-Uc2;
(d) Wr20-Uc2. The red isosurfaces are for the mean vertical velocity w̃ = 1.5 cm/s, the blue isosurfaces are

for the mean vertical velocity w̃ = −1.5 cm/s, and the brown isosurfaces are for C̃dye = 4 mg/m3.

Wr20-Uc2 has a narrower and straighter rising plume due to the fast rising bubbles, resulting in a less
turbulent rising plume than the other three cases. As a result, both τ d

13 and u′w′ in case Wr20-Uc2
are noticeably weaker than those in the other three cases shown in Figs. 18 and 19. The statistical
results shown here are consistent with the weak spatial variation of w̃ in case Wr20-Uc2 observed
from the instantaneous plume shown in Fig. 8(d).

FIG. 17. Time-averaged vertical velocity field on the (x, z)-plane at y = 0 m for cases with Uc = 2 cm/s:
(a) Wr3-Uc2; (b) Wr6-Uc2; (c) Wr12-Uc2; (d) Wr20-Uc2.
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FIG. 18. Time-averaged SGS shear stress τ d
13 = −νsgs(∂w̃/∂x + ∂ ũ/∂z) (i.e., the color contours) on the

(x, z)-plane across the source for the cases with Uc = 2 cm/s: (a) Wr3-Uc2; (b) Wr6-Uc2; (c) Wr12-Uc2;
(d) Wr20-Uc2. The solid lines are the isolines of w̃ = 1 cm/s, and the dashed lines are the isolines of w̃ =
−1 cm/s, which are used to indicate the locations of the rising and falling plumes, respectively.

C. Dye flux statistics

Quantifying the characteristics of the plume intrusion layer is crucial for understanding the
material transport from the plume to the surrounding environment. One commonly investigated
statistics is the averaged elevation of the intrusion layer (i.e., the mean trap height ht of the detrained
water as shown in Fig. 2) [9,11], which can be quantified based on the center-of-mass height of the
dye in the intrusion layer [13,14]. For the LES cases with crossflow reported in the present study, ht

is calculated based on the averaged center-of-mass height for the dye concentration at x � 0.5 m,
where the intrusion layer structure has become stable (see Figs. 9 and 10). Figure 20 shows the
dimensionless mean plume trap height HT = ht/(B0/N3)1/4 against the dimensionless bubble rise
velocity WN = wr/(B0N )1/4. Several sets of experimental data for bubble plume in stratified water
without crossflow are also plotted in Fig. 20 for comparison. The present LES results fall within the
range of the reported experimental data. In general, the data indicate a decreasing trend of HT when
WN increases. For the LES cases with the two smaller bubble rise velocities (wr = 3 and 6 cm/s,
corresponding to WN = 0.53 and 1.06, respectively), increasing the crossflow velocity Uc appears to
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FIG. 19. Time-averaged Reynolds shear stress u′w′ (i.e., the color contours) on the (x, z)-plane across the
source for the cases with Uc = 2 cm/s: (a) Wr3-Uc2; (b) Wr6-Uc2; (c) Wr12-Uc2; (d) Wr20-Uc2. The solid
lines are the isolines of w̃ = 1 cm/s, and the dashed lines are the isolines of w̃ = −1 cm/s, which are used to
indicate the locations of the rising and falling plumes, respectively.

have a negligible effect on the mean trap height. Differently, for the LES cases with the two larger
bubble rise velocities (wr = 12 and 20 cm/s, corresponding to WN = 2.12 and 3.53, respectively),
the LES results show a clear trend that HT decreases as Uc increases. In particular, case Wr12-Uc2
exhibits a 9% decrease of HT than case Wr12-Uc05, and case Wr20-Uc2 shows a 24% decrease of
HT than case Wr20-Uc05.

The formation of the intrusion layer and the associated material transport from the plume into
the ambient water can be analyzed by quantifying the streamwise flux of dye based on the LES data.
Similar to the SGS effect on the vertical momentum exchange shown in Figs. 14 and 18, the SGS
flux of dye concentration mainly cause the lateral expansion of the dye concentration field in the
stem region of the rising plume (not shown due to space limitation). The transport of dye from the
rising plume into the intrusion layer is mainly done through the resolved streamwise flux ũC̃dye. The

time-averaged streamwise flux of dye, ũC̃dye, can be decomposed as

ũC̃dye = u′C′
dye + ũC̃dye, (13)
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FIG. 20. Nondimensional mean plume trap height HT = ht/(B0/N3)1/4 as a function of the nondimensional
bubble rise velocity WN = wr/(B0N )1/4. Results from the current LES are denoted by solid symbols: ×, cases
with crossflow Uc = 0.5 cm/s; •, cases with crossflow Uc = 1.0 cm/s; +, cases with crossflow Uc = 2.0 cm/s.
The data from various laboratory experiments for plume in stratified water without crossflow are plotted for
comparison: ◦, Asaeda and Imberger [4]; �, Lemckert and Imberger [6]; �, Socolofsky [67]; and �, Socolofsky
and Adams [9]. The empirical parametrization from Socolofsky and Adams [9] is denoted by −−−.

where u′ = ũ − ũ is the turbulent fluctuation of the streamwise velocity and C′
dye = C̃dye − C̃dye

is the turbulent fluctuation of the dye concentration. In Eq. (13), u′C′
dye represents the turbulent

entrainment due to the streamwise velocity fluctuation and ũC̃dye represents the dye transport by the
mean streamwise flow.

Figures 21 and 22 show the contours of u′C′
dye and ũC̃dye, respectively, on the (x, z)-plane across

the plume source for wr = 6 cm/s under different crossflow conditions. Note that the contour range
plotted in Fig. 22 is four times the range plotted in Fig. 21. For case Wr6-Uc0 (i.e., no crossflow),
strong horizontal turbulent fluxes of dye concentration appear within the stem region of the rising
plume (i.e., at z � 0.2 m) [Fig. 21(a)], which cause the radial expansion of the dye concentration
field as the plume rises through the water. At 0.2 � z � 0.3 m, the rising plume (i.e., the region
enclosed by the isoline of w̃ = 1 cm/s) interacts with the falling plume (indicated by the isolines
of w̃ = −1 cm/s), resulting in strong turbulent entrainment flux of dye across the interface of the
two counterflowing plume regions [Fig. 21(a)]. At 0.3 � z � 0.4 m, strong horizontal turbulent flux
of dye also occurs due to the turbulence in the plume peeling process [Fig. 21(a)]. After the dye is
detrained from the rising plume, it is carried by the falling plume to the neutral buoyancy level and
further transported into the horizontal intrusion layer by the relatively weak radial direction mean
flow, as shown by the mean horizontal flux in Fig. 22(a).

With the presence of crossflow, the peeling process forms the falling plume on the downstream
side of the rising plume, causing the turbulent entrainment process to also bias towards the down-
stream side [Figs. 21(b)–21(d)]. For case Wr6-Uc05 with the weak crossflow of Uc = 0.5 cm/s, the
turbulent flux u′C′

dye plays a dominant role in transporting the dye from the rising plume into the
falling plume through the primary peeling flow as well as across the rising/falling plume interface
via turbulent entrainment [Fig. 21(b)]. After the dye is carried to the neutral buoyancy level by the

falling plume, the streamwise flux ũC̃dye due to the mean flow becomes dominant and continues
to transport the dye into the horizontal intrusion layer at around z = 0.2 m [Fig. 22(b)]. As the
crossflow velocity further increases to Uc = 1 cm/s (i.e., case Wr6-Uc1), while the turbulent flux

u′C′
dye is still significant in the peeling flow region [Fig. 21(c)], the mean flow flux ũC̃dye also makes

a considerable contribution for transporting the dye from the rising plume into the falling plume
near the peeling region [Fig. 22(c)]. Noticeable mean flux is also observed at a lower elevation
to transport the dye into the secondary intrusion layer at around z = 0.08 m. As the crossflow
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FIG. 21. Time-averaged streamwise dye entrainment flux u′C′
dye (i.e., the color contours) on the (x, z)-plane

across the source for the cases with wr = 6 cm/s: (a) Wr6-Uc0; (b) Wr6-Uc05; (c) Wr6-Uc1; (d) Wr6-Uc2.
The solid lines are the isolines of w̃ = 1 cm/s, and the dashed lines are the isolines of w̃ = −1 cm/s, which
are used to indicate the locations of the rising and falling plumes, respectively.

further increases to Uc = 2 cm/s in case Wr6-Uc2, the inclined rising plume generates a more
steady peeling flow at around z = 0.4 m, resulting in weaker turbulent flux u′C′

dye [Fig. 21(d)]
and more significant mean flux [Fig. 22(d)] from the rising plume into the falling plume near the
peeling region. Further downstream from the plume, the dye is transported into both the primary
and secondary intrusion layers by the mean streamwise velocity, with more significant mean flux
into the primary intrusion layer [Fig. 22(d)].

Figures 23 and 24 show the contours of u′C′
dye and ũC̃dye, respectively, on the (x, z)-plane across

the plume source for the four different bubble rise velocities under the same crossflow condition
of Uc = 2 cm/s. Note that similar to Figs. 21 and 22, the contour range plotted in Fig. 23 is four
times the range plotted in Fig. 24. The analysis result shows that the turbulent and mean dye fluxes
for cases Wr3-Uc2 and Wr6-Uc2 are similar in general, exhibiting a strong peeling process near
z = 0.4 m with considerable turbulent and mean dye fluxes from the rising plume into the falling
plume [Figs. 23(a), 23(b), 24(a), and 24(b)]. For case Wr12-Uc2 with a larger bubble rise velocity
of wr = 12 cm/s [Figs. 23(c) and 24(c)], the rising plume is narrower and straighter, and the main
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FIG. 22. Time-averaged streamwise dye flux by mean flow ũC̃dye (i.e., the color contours) on the (x, z)-
plane across the source for the cases with wr = 6 cm/s: (a) Wr6-Uc0; (b) Wr6-Uc05; (c) Wr6-Uc1; (d) Wr6-
Uc2. The solid lines are the isolines of w̃ = 1 cm/s, and the dashed lines are the isolines of w̃ = −1 cm/s,
which are used to indicate the locations of the rising and falling plumes, respectively.

peeling process occurs at a lower elevation of around z = 0.3 m, with considerable contributions
due to both the turbulent and mean dye fluxes from the rising plume into the falling plume. The
mean dye flux into the secondary intrusion layer in case Wr12-Uc2 is also larger than those in cases
Wr3-Uc2 and Wr6-Uc2. Differently, case Wr20-Uc2 does not exhibit a strong and distinct primary
peeling process, as shown by the vertically distributed weak turbulent dye flux from the rising plume
into the falling plume within 0.1 � z � 0.4 m [Fig. 23(d)]. On the other hand, the mean dye flux
is significant along the downstream side of the rising plume in case Wr20-Uc2 [Fig. 24(d)]. The
combined effect of the turbulent and mean fluxes of dye results in the vertically extended intrusion
region in case Wr20-Uc2 shown in Figs. 10(d) and 16(d).

Further downstream away from the rising and falling plumes, the dye is transported mainly by
the mean streamwise flow. Based on the time-averaged flow field, the mean streamwise flux of the
dye concentration can be quantified to help understand the spatial distribution of mean intrusion
from the plume into the water in the far field. In particular, the total mean streamwise flux of dye

044613-27



SHUOLIN XIAO, CHEN PENG, AND DI YANG

FIG. 23. Time-averaged streamwise dye entrainment flux u′C′
dye (i.e., the color contours) on the (x, z)-plane

across the source for the cases with Uc = 2 cm/s: (a) Wr3-Uc2; (b) Wr6-Uc2; (c) Wr12-Uc2; (d) Wr20-Uc2.
The solid lines are the isolines of w̃ = 1 cm/s, and the dashed lines are the isolines of w̃ = −1 cm/s, which
are used to indicate the locations of the rising and falling plumes, respectively.

across the (y, z)-plane at the streamwise location x0 can be calculated as

	x =
∫ ztop

zbot

∫ Ly/2

−Ly/2
ũ(x0, y, z)C̃dye(x0, y, z) dy dz, (14)

where the domain dimension parameters zbot, ztop and Ly are specified in Sec. III. The normalized
vertical distribution of the mean streamwise dye flux is defined as

φx(z) = 1

	x

∫ Ly/2

−Ly/2
ũ(x0, y, z)C̃dye(x0, y, z) dy, (15)

and the normalized spanwise distribution of the mean streamwise dye flux is

ψx(y) = 1

	x

∫ ztop

zbot

ũ(x0, y, z)C̃dye(x0, y, z) dz. (16)
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FIG. 24. Time-averaged streamwise dye flux by mean flow ũC̃dye (i.e., the color contours) on the (x, z)-
plane across the source for the cases with Uc = 2 cm/s: (a) Wr3-Uc2; (b) Wr6-Uc2; (c) Wr12-Uc2; (d) Wr20-
Uc2. The solid lines are the isolines of w̃ = 1 cm/s, and the dashed lines are the isolines of w̃ = −1 cm/s,
which are used to indicate the locations of the rising and falling plumes, respectively.

Figures 25 and 26 show the profiles of φx(z) and ψx(y), respectively, for the LES cases with
the four different bubble rise velocities and three different crossflow velocities. The results at
two representative streamwise locations, x0 = 0.5 m and 0.6 m, are shown in both figures. As

suggested by the contours of ũC̃dye shown in Figs. 22 and 24, the influence from the rising
and falling plumes on the mean streamwise flux of dye becomes insignificant at x � 0.5 m. The
profiles of mean streamwise dye flux at x0 = 0.5 m and 0.6 m shown in Figs. 25 and 26 show
good agreement, confirming that setting x0 � 0.5 m is sufficient for characterizing φx(z) and ψx(y)
without significant influence from the buoyant plume dynamics.

Several general trends observed from the instantaneous and time-averaged plume fields can be
seen clearly here from these mean dye flux profiles shown in Figs. 22 and 24. On the one hand, for
a fixed Uc, increasing wr causes the primary intrusion region to spread more in the vertical direction
and less in the spanwise direction. The enhanced vertical spreading of φx(z) for plumes with large
wr is mainly caused by their unstable peeling processes that leak the dye into the crossflow over
a range of vertical elevations. The suppressed spanwise spreading of ψx(y) for plumes with larger
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FIG. 25. Normalized vertical distributions of mean streamwise dye flux φx (z) at x0 = 0.5 m (lines) and
x0 = 0.6 m (symbols): (a) cases with Uc = 0.5 m/s; (b) cases with Uc = 1 m/s; (c) cases with Uc = 2 m/s.

wr is mainly caused by the decrease of peeling flow intensity as wr increases [14]. The interaction
between the horizontal flow motions of the peeling process and the crossflow can be qualitatively
explained by making an analogy with the classical ideal flow for a source in a uniform stream
[68], for which the spanwise width of the wake region behind the source is proportional to the
ratio between the strength of the source and the uniform stream velocity. For the plume conditions
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FIG. 26. Normalized spanwise distributions of mean streamwise dye flux ψx (y) at x0 = 0.5 m (lines) and
x0 = 0.6 m (symbols): (a) cases with Uc = 0.5 m/s; (b) cases with Uc = 1 m/s; (c) cases with Uc = 2 m/s.
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considered in the present study, a plume with larger wr has a smaller radial velocity associated with
the weaker peeling process [14], resulting in less spanwise spreading of the intrusion layer under
the same crossflow condition.

On the other hand, for a fixed wr , increasing the crossflow velocity Uc results in the intrusion
region being spread more vertically and less spanwise. Similar to the aforementioned analogy
with a source in a uniform stream, the suppressed spanwise spreading of the intrusion region as
Uc increases is caused by the decreased ratio of the peeling flow horizontal velocity to crossflow
velocity. The enhanced vertical spreading of the intrusion region is caused by the enhanced mean
peeling flow from the rising plume to the falling plume (Fig. 22). The enhanced falling plume when
Uc increases (Figs. 11 and 12) also helps to bring more dye from the peel height down to some
lower elevation. Large wr (e.g., 12 and 20 cm/s) also results in noticeable secondary intrusion
below z = 0.1 m, which becomes more significant when combined with the effect of fast crossflows
(e.g., Uc = 1 and 2 cm/s). For case Wr20-Uc2, the profile φx [the dotted line in Fig. 25(c)] exhibits
a wide vertical distribution of the mean streamwise dye flux within 0 < z < 0.4 m, with the peak
near z = 0.1 m that is much lower than the primary peak elevation of φx in other cases (i.e., near
z = 0.2 m). This shift of main intrusion flux towards the lower elevation in case Wr20-Uc2 is caused
by the combination of two effects. First, the fast rising bubbles with wr = 2 cm/s forms a narrow
rising plume that is weak for lifting the entrained water to higher elevation, resulting in irregular
and unstable peeling process at lower elevation instead of forming a distinct peeling event at higher
elevation (Figs. 7 and 8). Second, the combined effect of the narrow rising plume and the strong
crossflow of Uc = 2 cm/s in case Wr20-Uc2 results in a significant mean flux of dye from the rising
plume into the falling plume [Fig. 24(d)]. The strong falling plume can reach as low as z = 0.04 m
[Fig. 17(d)], during which the water inside the falling plume mixes with the higher density ambient
water at lower elevation, resulting in a lower elevation for the main intrusion layer where the mixed
water reaches the equilibrium density level.

V. CONCLUSIONS

In this study, a LES model is applied to simulate bubble-driven turbulent plumes in the stably
stratified water with weak crossflows. A series of LES runs have been performed to cover a range
of plume and crossflow conditions, including four different bubble rise velocities (wr = 3, 6, 12
and 20 cm/s) and three different crossflow velocities (i.e., Uc = 0.5, 1 and 2 cm/s). The effects of
crossflow on the plume dynamics and material transport are studied by both direct observations of
the instantaneous plume fields and statistical analysis of the time-averaged plume characteristics.

A bubble-driven plume released in a stably stratified quiescent water is known to generate a sta-
tistically axisymmetric double-plume structure, consisting of an inner rising plume of bubble/water
mixture and an annular outer plume of detrained water (due to the density stratification) falling
along the outside of the inner plume. The key mechanism for the weak crossflow to affect the
plume dynamics is to tilt the plume towards the downstream direction of the crossflow and break
the axisymmetry of the dynamics. The LES results show that the crossflow causes the falling
plume to form on the downstream side of the rising plume, resulting in reduced overall contact
area and turbulent entrainments between the two plumes. With the reduced turbulent mixing of
momentum, both the rising and falling plumes exhibit increased vertical velocity as the crossflow
speed increases.

The effect of crossflow on the material transport from the plume into the surrounding environ-
ment (through the horizontal intrusion layer of detrained fluid) is studied by characterizing the dye
tracer concentration field. The LES results show that the crossflow suppresses the lateral spreading
and enhances the vertical spreading of the intrusion layer. The lateral spreading of the intrusion flow
in crossflow exhibits analogy to that of a source in a uniform stream. In particular, the crossflow
suppresses the upstream and transverse expansions of the intrusion layer and forces it to expand
primarily towards the downstream direction of the crossflow. Increasing the crossflow speed causes
the lateral width of the intrusion layer to reduce. The vertical spreading of the intrusion layer in
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crossflow is more complicated due to the combination of several effects, including the stability of
the plume peeling process, the speed of the falling plume, and the enhanced mean mass flux from
the rising plume to the falling plume due to the crossflow. In general, the crossflow tends to enhance
the vertical spreading of the intrusion layer and generate more noticeable horizontal dye flux at
lower elevation, especially for the plumes of large bubbles that have irregular and unstable peeling
process.

It should be noted that the present study considers the laboratory-scale condition with relatively
simple water stratification and crossflow conditions. Therefore, caution should be taken when
applying the conclusion from the present study to the case of a field-scale plume. Further inves-
tigations are desired for understanding the crossflow effect on a large-scale bubble-driven plume
in the deep-water environment, with additional effects to be taken into consideration (e.g., the
depth-dependent variation of the crossflow velocity, the nonlinear stratification of water density,
the effects of gas bubble expansion and dissolution when rising through the large water depth, etc.).
Nevertheless, the simulation and statistical analysis results reported in this study still provide some
useful insights for understanding some of the key effects of the crossflow on the plume dynamics
and material transport.
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APPENDIX A: DERIVATION OF PLUME FLOW LES MODEL GOVERNING EQUATION

In this Appendix, the derivation of the LES model equation (3) is briefly discussed. Following
several recent LES studies, the momentum carried by the bubble phase is assumed to be negligible
[14,15,25,34]. The Eulerian momentum transport equation governing the water phase of the plume
can be written as [15,25]

∂[(1 − αb)ρu]

∂t
+ ∇ · [(1 − αb)ρuu] = −∇p + ∇ · [2(1 − αb)ρνS] − (1 − αb)ρgez − αbρbgez,

(A1)
where αb is the local void fraction of the gas bubbles, ν is the kinematic viscosity of water, and
S = [∇u + (∇u)T]/2 is the strain rate tensor. The definitions of other symbols are given in Sec. II.
Equation (A1) governs the momentum transport of the water phase.

The instantaneous local water density ρ(x, t ) varies in time and space due to the interaction
between the bubble-driven plume and the ambient stratified water. It can be decomposed as

ρ(x, t ) = 〈ρ(x, t )〉h + ρ ′(x, t ), (A2)

where 〈ρ(x, t )〉h is the horizontal average of ρ(x, t ), and ρ ′(x, t ) is the instantaneous local density
perturbation caused by the plume flow motion. The horizontal average density 〈ρ(x, t )〉h can be
further decomposed as

〈ρ(x, t )〉h = ρ0 + ρ ′′(z, t ), (A3)

where ρ0 is a constant reference density of water and ρ ′′(z, t ) is the background density variation
in the vertical direction and in time. For the flow condition considered in the present study, the
density components satisfy ρ ′(x, t ) + ρ ′′(z, t ) 
 ρ0, which allows us to apply the Boussinesq
approximation [69–72] to simplify Eq. (A1) as

∂[(1 − αb)u]

∂t
+ ∇ · [(1 − αb)uu] = − 1

ρ0
∇p + ∇ · [2(1 − αb)νS] − ρ

ρ0
(1 − αb)gez − ρb

ρ0
αbgez.

(A4)
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FIG. 27. Instantaneous plumes on the (x, z)-plane across the source location at t = 100 s for case Wr6-
Uc2 (wr = 6 cm/s, Uc = 2 cm/s) obtained from LES with different grid numbers Nx × Ny × Nz =: (a), (d)
240 × 192 × 217; (b), (e) 320 × 256 × 289; (c), (f) 400 × 320 × 361. The top row shows the color contours
of the time-averaged dye concentration C̃dye, and the bottom row shows the color contours of the resolved
instantaneous vertical velocity w̃. In each panel, the solid lines are the isolines of C̃b = 0.001 kg/m3, which
are used to indicate the shape and location of the bubble column.

By rewriting the pressure gradient term based on the dynamic pressure p∗ = p + ρ0gz, Eq. (A4)
can be rewritten as

∂[(1 − αb)u]

∂t
+ ∇ · [(1 − αb)uu] = − 1

ρ0
∇p∗ + ∇ · [2(1 − αb)νS]

+
(

1 − ρ

ρ0

)
(1 − αb)gez +

(
1 − ρb

ρ0

)
αbgez. (A5)

By assuming αb 
 1 under low bubble void fraction condition, Eq. (A5) can be further approxi-
mated as

∂u
∂t

+ ∇ · (uu) = − 1

ρ0
∇p∗ + ∇ · (2νS) +

(
1 − ρ

ρ0

)
gez +

(
1 − ρb

ρ0

)
αbgez. (A6)

Substituting αb = Cb/ρb into Eq. (A6) and applying the spatial filtering yields

∂ũ
∂t

+ ũ · ∇ũ = − 1

ρ0
∇p∗ − ∇ · τ + ∇ · (2νS̃) +

(
1 − ρ̃

ρ0

)
gez +

(
1 − ρb

ρ0

)
C̃b

ρb
gez, (A7)

where τ = ũu − ũũ is the SGS stress tensor. For the turbulent plume flow considered in the present
study, the viscous stress due to the resolved strain rate, τν = 2νS̃, is much smaller than the SGS
stress τ. By neglecting τν and absorbing the trace of τ into the pressure gradient term, Eq. (A7)
can be rewritten as Eq. (3), which is used in the present LES model to simulated the bubble-driven
plume flow.
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FIG. 28. Time-averaged plumes on the (x, z)-plane across the source location for case Wr6-Uc2 (wr =
6 cm/s, Uc = 2 cm/s) obtained from LES with different grid numbers Nx × Ny × Nz =: (a), (d) 240 × 192 ×
217; (b), (e) 320 × 256 × 289; (c), (f) 400 × 320 × 361. The top row shows the color contours of the resolved

instantaneous dye concentration C̃dye, and the bottom row shows the color contours of the time-averaged

vertical velocity w̃. In each panel, the solid lines are the isolines of C̃b = 0.001 kg/m3, which are used to
indicate the shape and location of the time-averaged bubble column.

APPENDIX B: GRID RESOLUTION TEST

In this Appendix, the dependence of the LES result on the computational grid resolution is tested
based on the plume condition with wr = 6 cm/s and Uc = 2 cm/s. The simulation results obtained
using the original computational grid Nx × Ny × Nz = 320 × 256 × 289 (i.e., case Wr6-Uc2 in
Table I) are compared with those obtained from two additional LES runs with 240 × 192 × 217
grid points (referred to as case Wr6-Uc2-L) and 400 × 320 × 361 grid points (referred to as case
Wr6-Uc2-H). Both the instantaneous and time-averaged plumes are compared. In particular, Fig. 27
shows the instantaneous plumes at t = 100 s after the bubbles were released, and Fig. 28 shows
the time-averaged plumes based on 480 instantaneous plume samples taken between t = 80 s and
200 s.

As expected, the LES run using more grid points can directly resolve more detailed turbulent
structures in the plume flow than those obtained using fewer grid points [e.g., Figs. 27(c) and 27(f)
versus Figs. 27(a) and 27(d)]. Nevertheless, the present LES model was able to capture the essential
plume flow physics consistently for all the three different grid resolutions considered here. The
time-averaged results shown in Fig. 28 exhibit consistent key characteristics of the plume structure,
including the tilted rising/falling double plume structure, the peel height, the lateral expansion of
the bubble plume above the peel height, the horizontal intrusion layer, etc. More discussion on these
characteristics of plume in crossflow is given in Sec. IV. The grid resolution test presented in this
Appendix indicates that the computational grid (Nx × Ny × Nz = 320 × 256 × 289) used in the LES
cases reported in this study (see Table I) is sufficient for capturing the plume physics correctly.
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